Abstract. In this paper we investigate the nuclear trace of vector-valued Fourier multipliers on the torus and its applications to the index theory of periodic pseudo-differential operators. First we characterise the nuclearity of pseudo-differential operators acting on Bochner integrable functions. In this regards, we consider the periodic and the discrete cases. We go on to address the problem of finding sharp sufficient conditions for the nuclearity of vector-valued Fourier multipliers on the torus. We end our investigation with two index formulae. First, we express the index of a vector-valued Fourier multiplier in terms of its operator-valued symbol and then we use this formula for expressing the index of certain elliptic operators belonging to periodic Hörmander classes. MSC 2010. Primary 35S05, 47G30 Secondary 28B05, 42B15, 43A15.
1. Introduction
1.1.
Outline of the paper. This contribution is devoted to study the nuclearity of vector-valued pseudo-differential operators on the torus. Our main goal is to investigate the nuclear trace of these operators and its applications to the index theory of periodic operators. Let T n ≃ R n /Z n be the n-dimensional torus and let H be a (real or complex) Hilbert space. Denote the algebra of bounded linear operators on H by L(H). The vector-valued quantization of a function σ : T n × Z n → L(H) is the operator defined by
Af (x) ≡ T σ f (x) := ξ∈Z n e i2πx·ξ σ(x, ξ) f (ξ), x := (x 1 , x 2 , · · · , x n ) ∈ T n , (1.1)
for all f ∈ C ∞ (T n , H). Here, f is the vector-valued Fourier transform of f defined in the sense of Bochner as
Here x·ξ = x 1 ξ 1 +· · ·+x n ξ n denotes the usual inner product on R n . If dim H ≥ ℵ 0 , the function σ is said to be the operator-valued symbol associated to the operator A. For 2 ≤ dim H < ∞, L(H) ≃ C dim H×dim H and σ becomes a matrix-valued symbol associated to A. If H is an one-dimensional complex Hilbert space, then H ≃ C and under the identification L(H) ≃ C, the symbol σ is scalar-valued. We will consider two cases, namely, dim H = ℵ 0 (i.e. H is a separable Hilbert space) or dim H = 1, (i.e., H = C).
Of particular interest are vector-valued Fourier multipliers which are pseudodifferential operators with symbols σ depending only on the frequency variable ξ ∈ Z n . Vector-valued Fourier multipliers are characterised by the relation,
The Fourier analysis on L 2 (T n , H) allow us to investigate the spectral and analytic properties of periodic pseudo-differential operators acting on L p (T n , H). By the spectral properties we understand to classify them in ideals of operators and by analytical properties we refer to the problem of studying their mapping properties in (vector-valued and scalar-valued) L p -spaces, Sobolev spaces, Besov spaces and anothers function spaces of interest in the analysis of PDE's.
In this paper we want to investigate some of the spectral properties of periodic pseudo-differential operators. To be precise, we would like to classify those vectorvalued periodic pseudo-differential operators belonging to the ideal of s-nuclear, 0 < s ≤ 1, operators N s (L p 1 (T n , H), L p 2 (T n , H)). As an application of our classification, we study the Fredholm index of vector-valued Fourier multipliers and we consequently apply these index formulae to elliptic periodic pseudo-differential operators. Our main results will be presented in Subsection 1.2 as well as the notion of nuclearity and its relation with index formulae.
The literature for the analytical and spectral properties in the vector-valued context need to be considered separately (in view of the cases dim H = ℵ 0 or dim H = 1)). Indeed,
• if dim H = 1, then scalar-valued periodic pseudo-differential operators (periodic operators) have been investigated by several researchers around the globe .These operators introduced by Volevich and Agranovich [1] and were investigated by Amosov [5] , McLean [34] , Turunen and Vainikko [43] and Ruzhansky and Turunen [39, 40, 42] ) in details. In these works the authors developed the fundamental properties of their functional calculus in associated the Hörmander classes, and well as several applications to periodics PDE's. The generalisation of this approach to arbitrary compact Lie groups can be found in the fundamental book [41] by Ruzhansky and Turunen. The analytical and spectral properties for periodic operators have been treated in Ruzhansky and Turunen [42, 41] , in Delgado [21] and Molahajloo and Wong [35, 36, 32] , and in the works of the first author [14, 15, 16] . For the nuclearity of multilinear periodic operators in L pspaces we refer the reader to the works of the authors [18, 19] and to Delgado and Wong [26] for the linear case.
• If dim H = ℵ 0 , the references Amann [2] , Arendt and Bu [3, 4] , Barraza, Gonzalez and Hernández [6] , Barraza, Denk, Hernández and Nau [7] , Rabinovich [38] , Bu and Kim [10, 11, 12] and Bu [13] have investigated the mapping properties of the vector-valued quantization in L p -spaces and Besov spaces. Applications to PDE's were studied by Denk and Nau [27] , Keyantuo, Lizama, and Poblete [29] and references therein. The classical aspects of the vector-valued Fourier analysis can be found in Bourgain [8] , Hieber [28] and König [31] . For applications to probability theory we refer the reader to Bourgain [9] . Discrete vector-valued pseudo-differential operators (defined as in (1.10)) will also be investigated in this work. For the general properties of the symbolic calculus of discrete pseudo-differential operators on Z n we refer to Botchway, Kibiti, and Ruzhansky [30] . Also, The properties for these operators acting on ℓ p (Z n ) can be found in Molahajloo [37] , Rodriguez [33] and the paper of the first author [17] .
Main results.
In order to present our main result we need to fix some notations. First, we recall the definition of s-nuclear operators on Banach spaces due to Grothendieck. Let E and F be two Banach spaces. A linear operator T : E → F is called s-nuclear, 0 < s ≤ 1, if there exist sequences {g n } n ⊂ E ′ and {h n } n ⊂ F such that ∞ n=1 g n s E ′ h n s F < ∞ and for every f ∈ E, we have
(1.4)
If s = 1 we say that T is a nuclear operator. We denote by N s (E, F ) the ideal of s-nuclear operators from E to F. The sequences {g n } n ⊂ E ′ and {h n } n ⊂ F are called a nuclear decomposition of T. If E = F is a Banach space satisfying the Grothendieck approximation property, we can associate to T, a real number, called the nuclear trace of T computed from a arbitrary nuclear decomposition of T. Indeed, the nuclear trace of T is defined by
(1.5)
The condition that E satisfies the Grothendieck approximation property implies that n-Tr(T) is independent of the choice of the nuclear decomposition. Because we restrict our attention to separable Hilbert spaces, they satisfy the Grothendieck approximation property and consequently for all 1 ≤ p ≤ ∞, L p (T n , H) has the approximation property (this is a particular situation of Proposition 7.11, of Casazza [20, p. 308] ). If E = F, and T is a s-nuclear operator, 0 < s ≤ 2 3 , it was shown by Grothendieck that the nuclear trace agrees with the spectral trace,
(1.6)
Here, λ n (T ), n ∈ N, denotes the sequence of eigenvalues of T with multiplicities taken into account. The Grothendieck result (1.6) will be useful in our further analysis for index theorems. Indeed, if E is a Hilbert space and T is a Fredholm operator (invertible modulo compact operators), in view of the celebrated McKean-Singer index formula
we investigate the index of periodic pseudo-differential operators by using the notion of nuclear trace. Now, we present our main results by starting with those regarding the nuclearity of periodic pseudo-differential operators. By using Delgado's theorem (Theorem 2.2) in Theorem 3.1 we will prove that for H = L 2 (Y, ν), and 0 8) where ν) ) < ∞ and the convergence in (1.8) will be understood in sense of the usual norm convergence on
The presence of the exponential factor in (1.8) could suggest that the considered symbols do not satisfy the standard estimates of periodic Hörmander classes. However, this equality cannot be used for extracting information of the derivatives a symbol, if we focus our attention to smooth symbols, in turns we have not information about the regularity of the functions h k and the discrete differences of the sequences F g k , k ∈ N. As in the case of scalar valued periodic operators, we only need information on the decaying of the symbol, in our case of the operator norm of the symbol σ(x, ξ) op when |ξ| → ∞. Curiously, as a application of this characterisation, we will prove that for 1
An analogue result can be proved for vector-valued discrete operators. Indeed, if t a is formally defined by
where
, is the discrete vector-valued Fourier transform defined on those discrete vector-valued functions f with compact support, we will prove in Theorem 3.
) < ∞ and the convergence in (1.11) will be understood in sense of the usual norm convergence on L 2 (Y, ν). Newly, as application of this discrete characterisation, for 1
In the general case, we provide sufficient conditions for the nuclearity of pseudodifferential operators. In this general setting we find criteria by fixing an arbitrary orthonormal basis B = {e α : α ∈ I}, of the Hilbert space H. So, in Theorem 3.6, we prove that if A :
H) extends to a s-nuclear operator. If 1 ≤ p < ∞ and p = p 1 = p 2 , in terms of the basis B, the nuclear trace of A is given by n-Tr(A) = ξ∈Z n α∈I T n σ(x, ξ)e α , e α H dx.
(1.14)
In particular, if A is a Fourier multiplier, σ(ξ) ∈ S s (H) belongs to the Schattenvon Neumann class of order s, and
However, in the general case, if we assume that the operators σ(x, ξ), ξ ∈ Z n , are simultaneously positive operators, the trace formula (1.14) is independent of the basis B under consideration and
As an application of these trace formulae, every Fourier multiplier A ≡ T σ :
, (closed and densely defined) admitting a Fredholm extension and under certain conditions, has an analytical index satisfying the index formula Ind(A) = η∈Z n Ind(σ(η)), (1.17) which in turns implies that Ind(σ(η)) = 0 except at finitely many integers η. This will be proved in Theorem 4.6. Finally, as a consequence of this index theorem we study the index of certain periodic elliptic operators (see Theorem 4.8).
2. Preliminaries 2.1. Vector-valued Fourier transform and Fourier multipliers. If f : T n → H is a smooth function then its Fourier transform at η ∈ Z n is defined by
for some operator-valued function σ : Z n → L(H) from Z n into the algebra of bounded linear operators on H. In this case, A can be formally written as
and the operator-valued function σ is called the global symbol of the operator A. There exists a one to one correspondence between a symbol (i.e, a function from Z n into L(H)) and its corresponding operator A defined by (2.3). This correspondence is the consequence of following formula
which can be derived if, in (2.3), we replace f by the function
H), the properties of the vector-valued
Fourier transform implies that the operator
For applications, we also consider Fourier multipliers A with operator-valued symbols admitting unbounded values, this means that for some η, the (densely defined) operator σ(η) is unbounded on H. We also require in this case a framework for the composition of these operators. For this, throughout the paper we fix an orthonormal basis B = {e α : α ∈ I} of the Hilbert space H, we develop our analysis in terms of a such basis, but, later we will show that some geometric properties of the corresponding operators are independent of the considered basis B.
is the subspace consisting of the finite linear combinations of functions of the form exp
has (well-defined) densely defined operators values on H. In the following lemma we summarise the previous analysis, some known results (that we present here for completeness), and some spectral properties of Fourier multipliers.
Lemma 2.1. Let σ and τ be two operator-valued symbols from Z n into H. Then,
n , and the symbol of the resolvent operator (λ−A) −1 is defined by
(4) The spectrum and the resolvent of A :
is a Fourier multiplier, the formal adjoint of A, A * is a Fourier multiplier with symbol σ * defined by
where σ * (η) is the adjoint operator of the (closable) operator σ(η). (6) Let us consider the heat semigroups {e −t∆a } and {e −t∆ b } defined by the Laplacians ∆ a = A * A and ∆ b = AA * associated to the Fourier multiplier
Then, for all t > 0, T a(t) := e −t∆a and T b(t) := e −t∆ b are Fourier multipliers with symbols defined by
Proof. The parts (1), (2) and (6) can be proved by straightforward computation. In order to prove (3), we observe that λ ∈ Resolv(A) if and only λ − A is an invertible operator on L 2 (T n , H) such that λ − A and its inverse, (λ − A) −1 , are bounded operators. From the equality
a standard argument via the Fourier transform allows us to conclude that, for every ξ, λ − σ(ξ) is a bounded and invertible operator on H and the symbol of (λ−A) −1 is defined by the sequence of operators {(λ−σ(ξ)) −1 } ξ∈Z n . The property (4) can be deduced from (3). In order to prove (5), let us observe that from the equality
we deduce, using Plancherel theorem,
A * g. This shows that A * is a vector-valued Fourier multiplier and that its symbol is defined by the sequence {σ(ξ) * } ξ∈Z n . So, we finish the proof.
2.2.
Basics of tensor product and nuclear operators. We will present some basic concepts related to trace of a nuclear operator and tensor products to make our paper self contained. Let E be a Banach space and let L(E) be the algebra of all bounded linear operator on E. Let F(E) denoted the ideal of L(E) consisting of finite rank operators from E into E. It is well known that every T ∈ F(E) can be represented
′ and x i ∈ E, i = 1, 2, . . . , n. We note that this representation is not unique. The trace of a finite rank operator T is given by
(2.13)
It can be easily seen that Trace is independent choice of representation of T. If E has an approximation property, F(E) is dense in N(E). Also, every T ∈ N(E) can be written as
trace of a T ∈ N(E) which is independent of choice of representation of T is given by
14)
The nuclear trace also appear in the more general context of s-nuclear operators, 0 < s ≤ 1, as we have seen in the introduction. Since in this paper we are dealing with vector valued L p -spaces, we will study particularly the Banach space
where µ and ν are σ-finite measures on Ω and Y respectively.
We define the tensor product
where we have denoted g(y, w) = g(y)(w) and f (x, z) = f (x)(z). Observe that for a.e.w.
As a consequence of the Hölder inequality,
This duality, allows us to understand the tensor product f ⊗ g as an integral operator. Indeed, it was noted in [22, Lemma 2.6 
where the k(x, y) denotes the kernel of the integral operator f ⊗ g and given by k(x, y) = f ⊗ g(x, y). Here,
It can be checked that
Lemma 2.7 in Delgado [22] establish that the trace of the tensor product operator f ⊗ g is given by
The following theorem of Delgado [22, Theorem 2.8] present a characterisation of s-nuclear,
Here, we keep the notation h(x) = h(x, ·), g(x) = g(x, ·), and we use,
where the integral is understood in the Bochner sense. ν) ) < ∞ and the convergence in (3.3) will be understood in sense of the usual norm convergence on L 2 (Y, ν).
Characterisation of nuclear operators on
Proof. Let T σ is an s-nuclear, 0 < s ≤ 1 operator. Therefore, by [22, Theorem 2.8], there exist two sequences
Therefore, by the definition of T σ , we get
Since equality (3.5) above holds for every
Therefore, we get
Conversely, assume that there exist two sequences
Therefore, by [22, Theorem 2.8], T σ is an s-nuclear, 0 < s ≤ 1 operator.
If T σ is a nuclear operator then σ(x, ξ) is a nuclear (trace class) operator for almost every (x, ξ) ∈ T n × Z n .
Proof. Since T σ is a nuclear operator, by the proof of Theorem 3.1, the operator T σ is given by
where the symbol can be expressed as,
Let us note that
Now, we will prove that the set
has measure zero. This can be done by contradiction. If we assume that Z has positive measure, then
However, we have
and we obtain a contradiction. Now, by using that
and the inequality:
So, we have proved that in the right hand side of the equation,
we have a nuclear decomposition of σ(x, ξ). So, we conclude that σ(x, ξ) is a nuclear (trace class) operator on L 2 (Y, ν).
Now, we present the following application of Theorem 3.1.
Theorem 3.3. Let 1 < p ≤ 2, and let T σ be the vector-valued operator associated
extends to a nuclear operator, by Theorem 3.1
where {g k } k∈N and {h k } k∈N are sequences of functions satisfying
(3.14)
Therefore, if we take the operator norm, by the triangle inequality, we deduce the estimate
Again, if we take the L p ′
x -norm, we have,
By the vector-valued Hausdorff-Young inequality, we deduce,
Thus, we finish the proof.
As in the previous subsection, we use the notation h(x) = h(x, ·), g(x) = g(x, ·), and we define, ν) ), 1 ≤ p < ∞ be a vector-valued discrete pseudo-differential operators associated with the operator valued symbol a : Y, ν) ). Then t a is s-nuclear if and only if ν) ) < ∞ and the convergence in (3.17) will be understood in sense of the usual norm convergence on
Proof. Let t a be a s-nuclear, 0 < s ≤ 1 operator. Then, it follows from Theorem 2.2 that there exist two sequences
On the other hand by the definition of t a , we have
Thus, we get that the equality
For f = f l , equality (3.18) in turn gives
Next, using the Fourier inversion formula for discrete Fourier transform we get
Therefore,
Conversely, assume that there exist two sequences
Now, by applying Theorem 2.2 we get that t a is a s-nuclear operator on the vector-valued Lebesgue space
Now, we present the following result. The proof is similar to the proof of Theorem 3.3.
Theorem 3.5. Let 1 < p ≤ 2, and let t σ be the vector-valued operator associated
Let H be a separable Hilbert space with infinite dimension. We fix an arbitrary orthonormal basis B = {e α : α ∈ I}, of H. Let us recall that H is separable if and only if |I| = ℵ 0 . Our starting point is the following result which will be our main tool for the proof of our index formulae.
Theorem 3.6. Let 0 < s ≤ 1 and let A : C ∞ (T n , H) → C ∞ (T n , H) be a vector-valued periodic pseudo-differential operator with operator-valued symbol σ :
(3.21)
In terms of the basis B, the operator A has the form,
In fact, the fact that
where the convergence is understood in the topology induced by the norm of H. Now, we will prove that the hypothesis (3.20) does of the following sequences
is a nuclear decomposition of A. In fact, it will be suffice to prove that
To do so, let us observe that
where we have used that e α H = 1 for all α. The estimate
Therefore, we have proved the s-nuclearity of the operator A :
Now, we assume that A is a Fourier multiplier. Since, σ(ξ) ∈ L(H) for all ξ ∈ Z n , we have
(3.24)
We claim that σ(ξ) ∈ S s (H) = N s (H, H). In fact, we only need to prove that the sequences {e where we have used that e ′ α H ′ = 1, for all α ∈ I. However, we can do this by taking into account that for Fourier multipliers, the condition (3.20) implies,
By observing that the nuclear trace of σ(ξ) is given by
Let us observe that (3.22) suggest that we could extend the trace formula (3.21) to a similar expression where does not appear the basis H. This will be useful, because we could show that, under certain conditions, the nuclear trace of a vector-valued pseudo-differential operator depends only on the nuclear trace of the values of its symbol.
Applications to index theory
4.1. The index of vector-valued Fourier multipliers. In this subsection, we show that how to use the nuclearity results developed in the previous section to the index theory of vector-valued Fourier multipliers. We are interested in computing the index of Fredholm periodic vector-valued pseudo-differential operators.
The following definition will be useful for our further applications.
Definition 4.1. Let H be a complex separable Hilbert space. Let us assume that m > 0 and let B = {e α : α ∈ I} be an orthonormal basis of H. We say that a Fourier multiplier A :
• the operator-valued symbol σ := {σ(ξ)} ξ∈Z n of A consists of a sequence of densely defined operators σ(ξ), ξ ∈ Z n , such that B ⊂ ∩ ξ∈Z n Dom(σ(ξ)), and Remark 4.2. The existence of (m, B)-elliptic Fourier multipliers will be considered in the next subsection. Indeed, we will prove that this type of operators arise naturally in the context of periodic Hörmander classes. Now, we assume that H is an infinite-dimensional separable Hilbert space with a basis B = {e α : α ∈ Z κ } indexed by the discrete set I = Z κ , for some integer κ ∈ N. The following lemma summarises the nuclear properties of the heat semigroup defined by the Laplacians ∆ a = A * A and ∆ b = AA * associated to A.
Lemma 4.3. Let t > 0. Let A be a (m, B)-elliptic Fourier multiplier. Then, the operators e −t∆a and e −t∆ b extend to a s-nuclear operators from
, for all 0 < s ≤ 1 and 1 ≤ p i < ∞. In this case, their nuclear traces are given by n-Tr(e −t∆a ) = ξ∈Z n n-Tr(e −tσ(ξ) * σ(ξ) ) and, n-Tr(e −t∆ b ) = ξ∈Z n n-Tr(e −tσ(ξ)σ(ξ) * ). We end the proof by summing over (ξ, α) ∈ Z n+κ and taking into account that m > 0. Indeed, we have
We can use an analogous argument for e −t∆ b . This completes the proof.
The following lemma presents a necessary condition for the Fredholmness of a Fourier multiplier. Proof. We need to show that if A is Fredholm, then for all η ∈ Z n , σ(η) has kernel and cokernel of finite dimension. Since the symbol of the adjoint A * of A is
and A is Fredholm if only if A * is Fredholm, it is sufficient to show that dim Ker(σ(η)) < ∞, ∀η ∈ Z n .
By (2.4), we deduce that for all
Hence if {v i,η } is a basis for Ker(σ(η)), then {φ i,η := x → v i,η e ix·η } is a set of linearly independent functions in Ker(A), which has finite dimension. So, Ker(σ(η)) is finite-dimensional. Thus, we finish the proof.
The following tool is known as the McKean-Singer theorem. We present a proof for completeness. Proof. Let λ ∈ Spect(T * T ), λ = 0, then there exists a non-zero vector φ ∈ H 1 such that T * T (φ) = λφ and therefore we have T T * T (φ) = λT φ. Since T (φ) is non-zero, it is an eigenvalue of T T * . It follows that the non-zero eigenvalues of T * T and T T * are the same. Thus
Since Ker(T * T ) = Ker(T ) and Ker(T T * ) = Ker(T * ) the proof follows. Now, with the machinery developed above, we present the main theorem of this subsection. So, by using the fact that A is (m, B)-elliptic we deduce that Spect(σ(η)) is a discrete set for all η and we conclude that Spect(A) is also a discrete set. By applying Lemma 4.5 and Lemma 4.4 we deduce that every σ(η) is Fredholm for all η, and consequently,
Theorem 4.6. Let us assume that the Fourier multiplier
By using, Lemma 4.5, Lemma 4.4, the Grothendieck-Lidskii theorem for s = , and (4.2), we obtain
which concluded the proof of the theorem.
4.2.
An index formula for elliptic operators on periodic Hörmander classes. In this section we will use our index formula (4.5) in order to study the index of periodic elliptic pseudo-differential operators T defined on L 2 (T n × T m ) where m and n are integer numbers. By following Ruzhansky and Turunen [39] , if T is a continuous operator on
for every f ∈ C ∞ (T κ ). The function σ T is the so called, full symbol, associated to T. An important property in this pseudo-differential calculus is the relation 9) which shows the uniqueness of the symbol. In particular, if κ = n + m and T is a continuous operator on C ∞ (T n × T m ) we will write
An important question arose in the previous section is the existence of Fredholm vector-valued Fourier multipliers on L 2 (T n , H) satisfying the condition of (m, B)-ellipticity. In order to answer this question, we will associate every elliptic operator T on
In order to present the construction of the vector-valued Fourier multiplier A T , we need the following remark.
Remark 4.7 (Construction of A T ). Let T be a continuous elliptic operator on
Clearly, σ(x, ξ) is a periodic pseudo-differential operator with symbol a(x, y, ·, ·). Now, let us define A T as the vector-valued pseudo-differential operator associated to the symbol σ := {σ(x, ξ)} (x,ξ)∈T n ×Z n .
In terms of the orthonormal basis B = {e η : η ∈ Z n }, where e η (y) := e i2πy·η , of
Now, we restrict our attention to periodic pseudo-differential operator of the form
With this restriction the vector-valued symbol associated to A T is independent of the variables x, and consequently A T is a vector-valued Fourier multiplier. In this framework, we can apply the vector-valued index theorem of the previous section. We assume that T is an elliptic operator on T n × T m and that T belongs to the Hörmander class Ψ . These are sufficient and necessary conditions for the Fredholmness of the operator A on L 2 (T n × T m ), (see Ruzhansky and Turunen [39, 41] ).
Let us note that we can identify C ∞ (T n × T m ) ∼ = C ∞ (T n , C ∞ (T m )) by using the isomorphism
and moreover, we also have the identification
). In this sense, the periodic pseudo-differential operator T , can be realised as a vector-valued Fourier multiplier A T . In fact, With the notation above, we present the following index formula. By properties of elliptic pseudo-differential operators, the kernel and the cokernel of elliptic operators consist of smooth functions. With this property in mind, we see that dim Ker(T ) = dim Ker(A T ) and dim Coker(T ) = dim Coker(A T ). Therefore, we deduce that Ind(T ) = Ind(A T ).
Theorem 4.8. Let us assume that T as in (4.14) is an elliptic operator on T n × T m and that T belongs to the Hörmander class Ψ κ ρ,δ (T m ×Z n ×Z m ), 0 ≤ δ < ρ ≤ 1, for some κ > 0. Assume that A T is (κ, B)-elliptic, where B = {e η : η ∈ Z m }, e η (y) = e i2πηy , y ∈ T m . Then, the index of T is given by ind(T ) = ξ∈Z n ind(a(ξ)), (4.19) where the operator-valued symbol a = (a(ξ)) ξ∈Z n is defined as in (4.18).
Proof. The Fredholmness of T is a consequence of the ellipticity condition on its symbol a(·, ·, ·). Since dim Ker(T ) = dim Ker(A T ) and dim Coker(T ) = dim Coker(A T ), we obtain the Fredholmness of A T on L 2 (T n , L 2 (T m )). So, we deduce that Ind(T ) = Ind(A T ). In order to use Theorem 4.6 to deduce (4.19), we only need to use that A T is (κ, B)-elliptic, where B, in this case, is the orthonormal basis of L 2 (T m ) given by B = {e η : η ∈ Z m }, e η (y) = e i2πηy , y ∈ T m . So, we finish the proof. First, we observe that e −ta(ξ) * a(ξ) e η L 2 (T m ) = e −η e −ta(ξ) * a(ξ) e η L 2 (T m ) = σ t (ξ, η) L 2 (T m ) = |σ t (ξ, η)|, where σ t (ξ, ·) is the symbol of the operator e −ta(ξ) * a(ξ) . The symbolic calculus in this case allows us to conclude that σ t (ξ, η) = e −tσ(ξ,η) * σ(ξ,η) = e −t|a(ξ,η)| 2 . The estimate (4.22) implies that e −ta(ξ) * a(ξ) e η L 2 (T m ) ≤ e −tCσ ξ,η κ . 
